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Abstract 

We discuss and test the assumptions of the chirally normalized vector meson dom¬ 
inance model (CN-VMD), as it is used for tau decays. We compare the CN-VMD 
amplitudes with those using on-shell couplings, derived directly from experimental 
data. We discuss in detail the 37 t, KKtt and 27 t final states. We suggest that the 
true values for the K\ widths might be larger than those quoted in the Review of 
Particle Physics. 





1 Introduction 


We (R. Decker, J. Kiihn, E. Mirkes, the present author and others) IB I have dis¬ 
cussed semihadronic tau decays in several papers. The model we have employed 
might be called the ’chirally normalized vector meson dominance’ or CN-VMD 
model, and has been invented and used by others before It rests on two ba¬ 
sic assumptions: (i) The decay amplitudes are assumed to be fully dominated by 
intermediate resonant states (VMD). (ii) The meson couplings are assumed to be 
constant from Q 2 = 0 up to the resonance masses. Matching the VMD model to the 
chiral limit then allows one to fix the relevant products of meson couplings without 
additional experimental input (’chiral normalization’, CN). 

In addition to these two basic assumptions of the CN-VMD model, additional 
assumptions have to be made: Which resonances are included: Only the lowest lying 
ones, or also higher radials, and if yes, with which relative contribution? Only vector 
resonances (p, K *, ...), or also axial vector resonances? Furthermore, we normally 
assume exact £77(3) flavor symmetry for the couplings, even if we use the physical 
masses m n , m^, ■ ■ ■ and widths for the mesons. 

Alternatives to the CN-VMD model have been discussed by Oakes, Braaten et al. 
0, and by Li [Q. The purpose of the present note is to test some of the assumptions 
of the CN-VMD model such as the constancy of the couplings, and to give some 
indications how the model could be refined. 


2 The Chiral Normalization for r —>■ Z r t\v T 

In this section we will try to test the assumption of constancy of the meson couplings 
for the three pion decay mode. In order to do that, we compare the CN-VMD model 
with a VMD model where we take the meson couplings g p7vn and g aiP n directly from 
experimental data f|] . This VMD is also based on the decay chain 

r —> aiv T , a\ —> p7r, p —>■ nn 

Essentially, the idea is that meson couplings taken from experimental data are mea¬ 
sured at Q 2 of m 2 or m 2 ai (on-shell couplings). If the assumption is right that the 
meson couplings are (approximately) constant from these Q 2 of the order of 1 GeV 2 
down to Q 2 = 0, then this model and the CN-VMD model should give the same 
amplitudes. 

One immediate problem is that we don’t know the coupling f ai of the a\ to the 
weak axial current very well. We will instead rely on perturbative QCD, pQCD 
H 0. From pQCD, we know that 

(30.1 ± 0.1)% = B(n) + B(ai) (1) 
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where we assume vector meson dominance (VMD) of the J p = 1 + spectral function]] 
(in the sense that only the 7r and the a\ resonant intermediate state contribute to 
this spectral function). With our VMD assumption, B{a\) > B(3 tt) + B(KKtt)a- 
The subscript ’A’ denotes the axial vector part. 

With the conventions given in the appendix, we have 
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and thus 

f ai = 0.2050 GeV 1 2 


( 2 ) 

(3) 


Next we will relate g aif m to T ai and g pn7t to T p . Consider the generic decay of a 
spin-1 particle with mass M into two spin-0 particles with masses mi and m 2 . We 
assume the matrix element is given by 


M = g im e • (pi - p 2 ) (4) 

(where e is the polarization vector of the spin-1 particle and pi are the momenta of 
the spin-0 particles). Then 

r[(j = 1) - (j = 0) + (j = 0]] 

_ g? m r ^ m 2 + m 2 

“ 48 J Jf " Jr- + ( Jp J 

(5) 

Thus from T(p —> 7T7 t) = 150.7 MeV, we find that 

g pTT 7 r = 6.049 (6) 

(if we neglected the pion mass by putting m, r = 0, we would get g pn7T = 5.438). 

Similarly, for a generic decay of a spin-1 particle with mass M into a spin-1 
particle, mass mi and a spin-0 particle, mass m 2 , we assume the matrix element is 
given by 

M = igno^{p)e m u(p 1 ) (7) 

where p and p\ are the momenta of the initial and final spin-1 particles, respectively. 
Note that we are ignoring four possible additional form factors here. The contribu¬ 
tion of three of these vanish for on-shell particles, and there is one which is of higher 

1 Note that this assumption on a branching ratio level is much weaker that the VMD assumption 
on the amplitude level in the CN-VMD model. If there is an additional non-resonant contribution, 

say a direct transition W —> 37r, it will have a very small contribution to the total branching ratio 

into the axial vector channel, even if at very small Q 2 , its amplitude would be of the same order 
than that of the W —> ai —> 37r channel. 
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order in the momenta, but which could contribute on-shell. The above ansatz leads 
to 


r[(j = i)-> (j = i) + (j = 

g\ w \j[M 2 - (mi + m 2 ) 2 }[M 2 - (ini - m 2 ) 2 ] 

“ 192vr M3 

Neglecting the pion mass, we find from this 


T(ai -»• pvr) = 


1 9, 


aipiz 


967T m, 


a 1 


If we assume T 0l = 400 MeV, this yields 


(M 2 — ml + m 2 ) 2 
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( 8 ) 

(9) 


PaipTr = 4.33 GeV 


( 10 ) 


Plugging all together, we get for the amplitude 

G f 

M (r -> 37 t) = —j= cos 6 c {u v ~i^-u T \H h 


( 11 ) 


In the VMD model with experimentally determined on-shell couplings, we have 


= _. y/2fa 1 ga 1(m g P ^ Bw (g2) BW p ( Sl )(p 2 - p 3 ) u T^ + (1^2) (12) 

m a 1 m p 

where BWj(s) are the usual normalized resonance factors with BWx(O) = 1, and 

= ^ _ W 
J Q 2 

Note that these f ai , g aif m and g P - k-k are the on-shell values (all mesons on their 
various mass shells). Of course, the concept of on-shell resonances is an approxi¬ 
mation for the d\ and, to a lesser extent, for the p, because of their non negligible 
widths. 

The chiral limit of the hadronic current is 

H>‘ = -i^~ {(p 2 - p 3 )T^ + (1 <- 2)} (13) 

^Jn 

This implies the following relation for the couplings at zero momenta , which we will 
denote by J ai , g aipn and g pn7r : 

_ 2rn^ in ^ 

= 6-461 GeV 3 (14) 
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where I used U = 92.1 MeV §. 

The product of the on-shell values is 


S<n9<ne*9p™ = 4.827 GeV 3 


(15) 


So we find 

faiQaipirQ pirn 
a\9 a\pirS pirir 


f 0.831 for T ai = 400 MeV 
< 0.881 for T ai = 450 MeV 
[ 1.018 for T ai = 600 MeV 


(16) 


where we have indicated the dependence on the value of T 01 chosen. We hnd that 
the ratio of the value of the product of the couplings at on-shell momenta divided 
by their product at Q 2 = 0 is reasonably close to one. However, the uncertainty in 
the cii width does not allow a very precise conclusion, and indeed the large value of 
h ai / m 't\ makes the whole notion of on-shell couplings ill-defined. 

If we want to, we can fit T ai to make the ratio equal to one, resulting in 
T ai = 579 MeV. For the reasons given, this value should, however, not be taken 
too seriously. 


3 The I\\ and r —> Kn7ns T 

The situation is complicated by SU(3)p flavor symmetry breaking and the — iVf 

mixing. For simplicity, we will first assume 


mA'qmo) ~ itik^uoo) — 1340 MeV (17) 

and neglect the existence of two K\ resonances. 

With this assumption, using the pQCD prediction for the strange axial / pseu¬ 
doscalar hadronic current, we have 


This results in 

Note that 

and 


B(Ki) = (1.31 ± 0.06)% - B(K) = (0.59 ± 0.06)% 
f Kl = (0.2026 ± 0.0103)GeV 

//Cl 


f ai 

ficjm 2 


= 0.9883 


K i 


fajm 2 


= 0.8372 


(18) 

(19) 

( 20 ) 

( 21 ) 


a i 


It appears that pQCD prefers SU(3) symmetry in the simpler version (^0) over (pl|). 
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Next 


r(/if -»■ k*° 7T") = 1 

1927T rriK 1 
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Using 


r(A7 -> /r°7T-) = ^ x 94% x 174 MeV = 109 MeV 


we obtain 

Along similar lines, 

r(/if - p°k~) = 


^ lA -. w = 3.535 GeV 


mi 

+ 2 + 

2 

(22) 

m K * 

m A 1 J 

= 109 MeV 


(23) 
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With r(A7 -> p°W”) = 12.6 MeV, we find 


9Kipn = 1.5848 GeV 


Finally, from r(AT* —> Ktt), 


9 k* Kir — 4.578 


(25) 


(26) 


(27) 


Now consider the decay 


t —> K 7r 7T H 


Plugging everything together, we find the hadronic current in a model with 
experimentally determined on-shell couplings: 


H p = Kl (Q 2 ) T ,lv 


m 


Ay 


J 9K 1 K*v9K*Kix Tix . 1 / w s 

i -2- BW A '*(s 2 )(pi -p 3 ) t 

( m K * 


9ku,k 9^ bv/ ( 8i)( _ 

mi 


(28) 


The same current in the CN-VMD, on the other hand, is 

FI 

H 1 ' = F—BWkFQ 2 )^ {BWa'* (s 2 )(pi - + BW p ( Sl )fe - p 3 %} (29) 

dj 7 T 
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Equating the current with on-shell couplings and the CN-VMD results in two equa¬ 
tions 


and 


\/2 j_ k 1 9k 1 k*tt9k*Ktt 

3 U m 2 Kl m 2 K * 


V2 _!_ \[ 7 2‘fK i gK x pK9p 7T 

3 fn m 2 Kl m 2 p 

Numerically, the left hand side of both equations is 

-^ = 5.118 GeV" 1 

dj 7T 


(30) 

(31) 


The right hand side of (|30| ) is 


\/2 fl< i gKx K*tt9K*Kit 


m 2 Kl m-K* 


= 3.245 GeV 


-l 


and the RHS of ( |UT| ) 


is 


V^fl<i9K iP K9p r, 


m 


A'i 


rri 2 K * 


= 2.593 GeV 


-l 


So we hnd that both equations do not work well. This can be explained by 
energy dependence of the meson couplings. This interpretation implies 


fI<i9 /Ci A'* n9 K*Kn 
f K\ 9 k x K*tt 9 K*Kir 


fl< 1 9K 1 pK9p 7T7T 

f K\9 Klp7v9 P'K'K 


0.634 

0.5067 


(32) 


As before, couplings without bar are on-shell, and with bar they denote their values 
at Q 2 = 0. This would imply that the assumption of constancy of the coupling, 
which is made in the CN-VMD model, is violated by a large amount. 

Note, however, that the size of the violation of the constancy appears very large, 
when compared with the ci\ —> 37T case, where this assumption seemed to work 
rather well. This observation appears to remain true, in spite of the fact that SU(3) 
is an additional source for violation of (|30| , pT| ). A stronger statement here would 
require a more sophisticated study of SU(3) flavor symmetry breaking. 

ffowever, note that a crucial input in evaluating the RHS’s in (|3(], |3T]) are the 
K\ widths. As of now, these have only been measured in hadronically production. 
But remember the case of the Gq. ffadronic production yielded rather small values 
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for r ai , about (250 ■ • • 300) MeV. Measurements of T ai gave much larger values. 
As is explained in a mini-review in the Review of Particle Physics [0, the value 
extracted for the width depends on the assumption for the form of the coherent 
background amplitude (Deck-amplitude). Changing the assumptions allowed to 
reconcile hadronic and tau decay measurements. 

But the very same Deck amplitudes have been used in the measurement of Tk 1 , 
as can be seen from the original papers quoted in the RPP-96. This leads to the 
possibility that the measured values for the K\ widths, as quoted in the Review of 
Particle Physics, may actually be much too small. But we can satisfy ( fTOj |3l|) by 
assuming that 


.True 

yKiK*7T 

„R pp 

flK\ K r 7T 

= 1.577 



y KipK 

„R pp 

i/A'ipA' 

= 1.974 

(33) 


These relations could be satisfied by 


r‘^ 1270 ) = 1.9T4 2 r^f 12ro| =350MeV 


r ”(i«o) = 1.577 2 r|^ mo) =433MeV (34) 

Of course, these numbers should be considers as speculative guesses. Instead, we 
urge to measure the K 1 widths in tau decays, to settle this matter experimentally. 
Also, a re-analysis of the old hadronic Ii\ widths would be interesting, with respect 
to the sensitivity of the results to the precise form of the assumptions for the coherent 
background. 


4 The Non-Strange Vector Channel 

From pQCD, and assuming the vector channel to be saturated by p and p', we obtain 
B[t ^u t + (I", S = 0)) = (31.9 ± 0.1)% = B(p) + B(p') (35) 

With our conventions, we have 
B(p) 247T 2 


B(e) m 2 m 2 p 


f P cos e c 


r 21 

m n 
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2 m 2 

i--§ 


1 + 2 

m 2 


m 2 _ 


(36) 


and an identical relation for p'. 











Now fp'/fp is known from e + e —> p, p' —> 7r + 7r fits to be 


r/2 

% = 2.4-•-2.66 = 2.5 ±0.2 

f P 


( 37 ) 


and the 2.66 is from 10 . The final 


The value 2.4 is from Suzuki 
error is an estimated guess. 

Using this to constrain the relative contributions of the p and the p' 
channel, we find 


number and 
in the vector 


f p = (0.1167 ±0.0025)GeV 2 

fp = (0.184 ±0.007)GeV 2 (38) 


where the errors are dominated by Amp. 

It is interesting to check Weinberg’s sum rule with the values we have derived. 
Following Suzuki |i|, we assume saturation of the sum rules in the vector channel 
by the p and the p', and in the axial vector-pseudoscalar channel by the n and the 
ai. Then Weinberg’ first sum rule is 




/« 


a i 


m 


+ fl 


a i 


(39) 


Numerically, this is 


LHS = (108.1 ±0.3)%RHS 


Note that without the p', we would have 


LHS = 64%RHS 


This strongly supports Suzuki’s suggestion about which resonances dominate the 
sum rules. 

Now the determination of fp is certainly not very precise. So instead, we could 
use the Weinberg sum rules to determine fp. From the first sum rule, we then find 

fp = 0.1665 GeV 2 (40) 

Weinberg’s second sum rule becomes 

fp + fp = fl (41) 

which yields 

fp = 0.1685 GeV 2 (42) 
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This value is very close to the one derived from the first sum rule, giving the deter¬ 
mination of f p t credibility. 

Thus we have 


fp 


(0.184 ± 0.007) GeV 2 from e + e —> 2n 
(0.1675 ± 0.0010) GeV 2 from Weinberg’s sum rules 


(43) 


The two values are about two standard deviations apart, suggesting to use 


fpi = (0.1758 ± 0.0082) GeV 2 


(44) 


as an average. 

Now we can discuss 


r 


7T7rz/ T 


Using a parameterization with experimentally determined on-shell couplings, we 
find the relevant hadronic current is 


H 1 ' 


\^fp9frn 


mt 


: BW p (Q 2 )(p 1 -p 2 ) M + (p^p') 


(45) 


Here 

If/p'TnrI 0’231 CJ/mir | (46) 

from the experimental data on T 

If it is true that the meson couplings are constant down from on-shell values for 
the momentum transfers to Q 2 = 0, then we can calculate the limit Q 2 —> 0 of the 
above hadronic current: 


77" 



V^f P g P 


mi 


I7T7T V^fp'gp' 

I O 


m 


p' 


(Pi ~ P 2 T 


The chiral limit predicts 

2( Pi -P2)" 


(47) 


(48) 


So we can now check the chiral normalization of the VMD model. If it works, 
we need 

fp'gp'mr ( 49 \ 



1.081 ±0.006 


The ± between the p and the p is their relative phase, which is known experimentally 
to be negative. 
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So we find about 20% deviation from the chiral normalization with the p reso¬ 
nance only, but 8% deviation if we include both the p and the p'. (Note that from 
the above, (3 ~ —0.10., where [3 is the quantity defined below in fl50|).) 

There are three possible explanations for the remaining 8% discrepancy. 


1. there might be a small energy dependence of the meson couplings, i.e. the idea 
of chirally normalizing might be wrong. 

2. it might be due to the p", which we neglected. 

3. there might be a non-resonant contribution, i.e. no full VMD. 

So we suggest three new parametrizations of the vector form factor F V (Q 2 ). The 
original CN-VMD parameterization, as built into TAUOLA [|ll[], is 


F { v\Q 2 ) 


1 

1 + (3 


BW„(e 2 ) + /ffiwyQ 2 ) 


(50) 


with 


(3 = -0.145 


(51) 


In the second parameterization, we allow for a small energy dependence of the meson 
couplings. 



1 

1 + (3 


HQ 2 ) 


BW P (Q 2 )+(3BW P ’(Q 2 ) 


(52) 


where 


HQ 2 ) = 

1 + ^ 

M 2 

(3 = 

-0.07841 

M = 

3.390 GeV 


(53) 


Let us explain this parameterization. We assume that the meson couplings are 
energy dependent 


f P = fp(Q 2 ) = ®AQ 2 )f P (Q 2 = o) 

9 pirn = 9pnn(Q 2 ) = $ g(Q 2 ) 9 p-rrniQ 2 = 0) (54) 


and so on. 

Now if the momentum dependence from Q 2 = 0 up to the resonance masses is 
small, we can use a Taylor expansion 

®x(Q 2 ) = 1 + Try H- (55) 
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Also, we make the simplifying assumption that the energy dependence of all meson 
couplings is described by the same function <h(<5 2 ). With these assumptions, we can 
determine (3 and M by requiring Fy to have the correct value at Q 2 = 0, and to be 
consistent with the on-shell values for the meson couplings. 

Our second new parameterization has constant couplings, but not a full VMD: 

4 m) (<2 2 ) = «BW P (Q 2 ) + (3BW p/ (Q 2 ) + (1 -a-13) (56) 


where 


a = 1.197 
(3 = -0.116 
=>l-a-P = -0.081 

The third new parameterization includes the p(1700) = p" 

f3 V \Q 2 ) = Q'BW f (Q 2 ) + /3BW P -(Q' 2 ) + (1 - a - J3)BW p »(<5 2 ) 


(57) 


(58) 


where 


a = 1.197 
/3 = -0.116 
=>l-a-P = -0.081 


(59) 


For practical purposes, it is important to note that the parametrizations (II), 
(III), and (IV) are numerically almost identical. This is to be expected, because they 
all have the same limit at Q 2 = 0, and they are all consistent with the experimental 
on-shell couplings. 


5 Comment on r — > \.fv t 

From pQCD, 

B(J P = 1~,S = 0) = (31.9 ±0.1)% (60) 

The main final states which contribute to the non-strange vector channel are 2i r, 
in, KK and the vector part of KKit. If we subtract the 2n and KK contributions, 
we find 

B( J p = 1", S = 0) - B{ 2vr) - B(2K) = (5.28 ± 0.36)% (61) 

This has to be saturated by 4ir and (KKtt)v, any other final state will have negligibly 
small contribution. 
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B(KKtc)v is certainly not bigger than 0.22%. This is the value from our paper 
[|2[], which definitely has to large predictions for KKtc [12 ]. The experimental value 
for the 47T contribution is 

B rpp {4tt) = 5.39% (62) 


In our paper on four pions [|T3[, however, we predicted 

B RPP (An) = 4.09% 


(63) 


on the basis of new data for e + e~ —> 47 t from Orsay. 

We can now see that pQCD requires £>(47 t) to be about 5%, as the RPP-96 says, 
and not about 4%, as we predicted in [|Hi|. 


6 Summary and Conclusions 

We discussed and tested the assumptions of the chirally normalized vector meson 
dominance model (CN-VMD). 

To test whether the meson couplings are really constant, we compared the CN- 
VMD amplitudes with those derived using on-shell couplings directly from experi¬ 
mental data. We discuss in detail the 37r, KKn and 27 t final states. For the case 
of the 37r, we found reasonable agreement. The discrepancy was much larger in 
the case of the KKir mode. We suggested that this might actually be due to the 
possibility that the true values for the K\ widths might be larger than those quoted 
in the Review of Particle Physics. We also proposed new parametrizations for the 
vector form factor in the 2tt mode, and we confirmed that the branching ratio into 
four pions should be indeed around 5%. 
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A.l Feyman-Rules 

We define the various couplings by the following Feynman rules: 


r -> u T p 

t —> u T a\ 

t —> V T K\ 

{<h)v “»• (P°)^' 

(AT)m - A*V" 

- <J>\K- 

(p°T -»• vr + (pi)7r“(p 2 ) 
(K*°)n 7r + (pi)iF“(p 2 ) 

A* 0 A -> 7r°(pi)iF°(p 2 ) 


*^|/p cos ^[7m7-] 
*^/oi cos0[7^7_] 

sin ^ 7 ~] 


^9a\pTx9]u> 


^9 I\\K*tt 9 fiu 
Wk 1p k9hu 

^Pp7T7r(Pl P2)// 

— igK*Kn(Pl — P2) P 

. 9 K*Ktt , , 

- l ^^-[Pl-P2) P 


(64) 


A.2 Meson-Gauge Boson Couplings 


A 

= (92.1 ±0.3) MeV 


(65) 

fi< 

= (112.4 ±0.9) MeV 


(66) 

f P 

= (0.1167 ± 0.0025) GeV 2 

f (0.184 ±0.007) GeV 2 

from e + e _ —> 2n 

(67) 

f P ' 

= i (0.1675 ±0.0010) GeV 2 
[ (0.1758 ±0.0082) GeV 2 

from Weinberg’s sum rules 
average of the two 

(68) 

/«! 

= 0.2050 GeV 2 


(69) 

fl<l 

= (0.2026 ±0.0103) GeV 2 


(70) 
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A.3 Triple Meson Couplings 


Qp-k-k — 6.049 — V2gypp, gvpp — 4.277 (71) 

V™ = 1-39 (72) 

9aipir = (4.33-•-5.30) GeV for T ai = (400 • • • 600) MeV (73) 

gi<*Kir = 4.578 = (1 + e)gvpp, e = 0.07 (74) 

g Kl K*n = 3.535 GeV if T Kl = 174 MeV (75) 

9i<ipK = 1.5848 GeV if = 90 MeV (76) 


References 

[1] J.H. Kiihn, A. Santamaria, Z. Phys. C48 (1990) 445; 

R. Decker, E. Mirkes, R. Sauer, Z. Was, Z. Phys. C58 (1993) 445; 
R. Decker, M. Finkemcier, E. Mirkes, Phys. Rev. D50 (1994) 6863; 


[2] M. Finkemeier, E. Mirkes, Z. Phys. C69 (1996) 243 

[3] R. Fischer, J. Wess, F. Wagner, Z. Phys. C48 (1980) 313; 

J.J. Gomez-Cadenas, M.C. Gonzalez-Garcia, A. Pich, Phys. Rev. D42 (1990) 
3093 

[4] E. Braaten, R.J. Oakes, Int. J. Mod. Phys. A5 (1990) 2737 

[5] B. A. Li, Phys. Rev. D55 (1997) 1425-1435; Phys. Rev. D55 (1997) 1436-1452 

[6] E. Braaten, Phys. Rev. Lett. 60 (1988) 1606; 

E. Braaten, S. Narison, A. Pich, Nucl. Phys. B373 (1992) 581 

[7] M. Suzuki, Phys. Rev. D49 (1994) 2634-2637 

[8] M. Finkemeier, Phys. Lett. B387 (1996) 391-394 

[9] Review of Particle Physics, Particle Data Group, Phys. Rev. D54 (1996) 1 

[10] R. Decker, M. Finkemeier, Phys. Rev. D48 (1993) 4203-4215, Addendum-ibid. 
D50 (1994) 7079-7081 


15 



[11] S. Jadach, J.H. Kuhn, Z. Was, Comput. Phys. Commun. 64 (1990) 275; 

S. Jadach, Z. Was, R. Decker, J.H. Kuhn, Comput. Phys. Commun. 76 (1993) 
361 

[12] Gilberto Colangelo, Markus Finkemeier, Erwin Mirkes, Res Urech. Presented 
at 4th International Workshop on Tau Lepton Physics (TAU 96), Estes Park, 
CO, 16-19 Sep 1996. e-Print Archive: [hcp-ph/9611329| 

[13] R. Decker, M. Finkemeier, P. Heiliger, H.H. Jonsson, Z.Phys.C70 (1996) 247- 
254 


16 




